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Abstract

Quantum repeaters are the most promising approach for distributing entanglement over long dis-
tances. Recent approaches to develop quantum repeaters involve the use of deterministic entangled
photon pair sources. On the other hand heralded entangled photon pair sources have been proposed
independently both with parametric down conversion source and single photon sources. We mod-
ify the latter scheme to implement it as an on demand entangled photon pair source and analyse its
performance considering inefficient detectors, inefficient quantum memories and inefficient single
photon sources. We conclude that with the current state of art, generation of high fidelity deter-
ministic entangled photon pairs is possible with moderate efficiency. We then compare the results
to the deterministic entangled photon pair source obtainable using parametric down conversion
source and conclude that the single photon scheme described in this thesis is more practical for

such an implementation.
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Chapter 1
Introduction

The discovery of entanglement [[1]] has led to the most extensive research in quantum physics in
recent years. Mathematically speaking entangled states are those quantum states of compound
systems which cannot be written as product states of individual subsystems [2l].For example we
can imagine a spin singlet state shared between two observers A (Alice) and B (Bob) who are

separated by a distance.

v = %(\m s — 11a1)s)) (L1)

where the qubit of subsystem belonging to Alice is represented by (|1)4,|{),) and the qubit of
subsystem belonging to Bob is represented by (|1),|J) ). The spin is measured in z direction for
each of the subsystems.

Clearly such a joint state cannot be written as product of states shared by Alice and Bob individu-
ally. Let us also imagine that Alice chooses to measure the spin of her subsystem in z direction and
let Bob know her choice via classical communication. The curious feature of entanglement is that
if Bob also chooses to measure the spin of his subsystem in z direction , then the result obtained
by him is always anti-correlated with that of Alice’s result. If Alice has obtained spin up for her
subsystem then Bob will end up finding his spin down for his subsystem. And if Alice has obtained
spin down for her subsystem, then Bob will end up finding spin up for his subsystem. It is, as if,
Bob’s spin had no well defined spin initially, but the measurement made by Alice, albeit at a distant
location, has somehow influenced Bob’s spin to be anti correlated. This directly challenges our pre
conception (locality, realism) [[1] of classical physics.

An initial explanation [3] to this problem was to state that quantum mechanics is an incomplete
theory and one needs additional classical parameters, namely the local variables, to explain it.

However, one can ask, what if Bob is not obedient to the choice of the basis made by Alice and
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measures in any direction other than z? How will the correlations of the result look like in that
case? In the historic paper [1], John Bell deduced that if local variable theories are true, such
disobedience from Bob’s part would ensure that all correlation functions resulting out of joint
measurements between Alice and Bob, can vary only within a specific range of values. This result
is famously known as the Bell inequality [1].

One of the most interesting feature of entanglement is that for an entangled state, once can perform
joint measurements where the value of the correlation function thus obtained, violates Bell inequal-
ity or its analogous form [2]. Violation of Bell inequalities have been experimentally confirmed
through numerous experiments [4]], [S]]. Recently, a loophole free Bell test [6]] has been reported.
In quantum information processing, entanglement has led to pioneering ideas such as quantum
teleportation [7], quantum dense coding [8] and quantum key distribution [9] thus leading to quan-
tum internet [[10]].

In the Ekert protocol [9] of the quantum key distribution, in the presence of an eavesdropper Eve,
Alice wants to transfer a secret key to Bob in a secured way. This key thus shared can be sub-
sequently used to exchange publicly encrypted message between Alice and Bob. However Alice
might not always succeed as Eve can intercept the key midway and perform a measurement to de-
cipher it. But measurement alters a quantum system. So Eve’s measurement will alter the original
key and thus Bob will not receive the original key Alice intended to send. So the question is, how
will Bob, upon reception of the key from Alice, know whether Eve has successfully intercepted
it or not? Here Alice and Bob shares strings of Bell states on which they can perform local mea-
surements (from a certain choice of basis). Alice now informs Bob her measurement results for
each basis via classical communication. And Bob compares her results with his own and computes
a correlation function. Ekert protocol formulates that, had Eve failed to intercept their message,
then this correlation function will violate Bell inequality. If the initial photons shared are maxi-
mally entangled, then this correlation function will violate Bell inequality maximally. However, if

the correlation function fails to violate accordingly, then Bob can know that Eve has succeeded in



eavesdropping.

It is a well known result in quantum communication that transferring one qubit can only transfer
at most one bit of classical information [11]. However, quantum dense coding [8]] exhibits that it is
possible to send two bits of classical information via transferring one qubit if the qubit is entangled
in a Bell state with another qubit at the receivers end. Bell states is a maximally entangled states

of two qubits. There are four possible Bell states and they are

) = 5004 D5+ 1), 10)5) (12)
[9) = (004 1D+ ¢>]1),10)) (13)
97) = (1004105 +€™ 1)415) (14
D7) = (10}, 1005 + €27 1), 1)) (15)

An interesting property of Bell state is that if any one of them is chosen by Alice and Bob, either
Alice or Bob can perform a local unitary rotation on it to obtain the other Bell states. There are
four such possible rotations (I, oy,—i0y, 0;) and thus we can encode two bits for each of them. For
example we can say 00 =/, 01 = 0,10 = —ioy,11 = ;. In quantum dense coding, Alice and Bob
lying at two distant location, share a Bell state which they know beforehand. Now Alice can per-
form any of the four rotations mentioned above on her qubit, and send her qubit to Bob. Now Bob
can perform joint measurement on Alice’s qubit and his qubit to infer which rotation was exactly
performed by Alice. As each such rotation encodes two bits, in this way Alice can send Bob two
bits of information by only sending one qubit.

Also if Alice and Bob shares a Bell state, which is initially known, Alice can transfer an unknown
qubit to Bob without physically transporting it. This is the method of quantum teleportation [7]. In

this case, Alice couples the qubit to be sent with the Bell state previously shared between her and
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Bob. She can then perform a local Bell state measurement on her initial qubit (which is entangled
with Bob’s qubit) and the qubit to be sent. This Bell state measurement entangles the two qubit in
Alice’s hand into any of the four possible Bell state but collapses Bob’s qubit to a product state. If
Alice can now inform Bob classically which Bell state her measurement has inferred, Bob will be
able to perform local unitary operation on his qubit to retrieve the original Alice intended to send.
The common feature of all these examples of applications of quantum information processing, is
that we need entangled states shared between distant locations. Photons travel faster than any other
known medium and that they interact weakly with the environment. This makes entangled photon
states the primary choice for sharing entanglement over distance. However the main problem in
this approach is that direct transmission of photons over long distance is difficult as they get ab-
sorbed by optical fibres and for distances around 600km the rate of transmission falls to very low
values [[12]] .

One of the principal way to solve this problem is using quantum repeaters as proposed by Briegel
et al[13]]. The well known implementation of quantum repeaters by Duan, Lukin, Cirac and Zoller,
DLCZ protocol[14] has triggered wide range of experimental interests. One of the recent and more
practical approaches to repeaters [15] (to be discussed in details next chapter) uses deterministic
entangled photon pair sources.

Photon source(s) coupled with linear optics elements and photon detectors are capable of produc-
ing entangled photon pairs [[16]], [[17] where such creation is signalled by appropriate detections
in the detectors, thus being heralded. This entangled photon state can be subsequently stored in
quantum memories to be recalled upon. This leads one to ask whether we can have deterministic
entangled photon pair sources fabricated in this way. In this thesis we propose a scheme which can
be ideally implemented as deterministic entangled photon pair sources. This scheme uses single
photon sources, quantum memories, photon number resolving detectors and linear optic elements
and is inspired from [17]. We calculate its performance under practical imperfections and deduce

under what range of imperfections can it function as deterministic entangled photon sources.



Heralded entangled photon pairs, which is the basic idea behind our scheme, can also be imple-
mented using parametric down conversion sources [16]. Inspired from this, we imagine another
scheme which can possibly be implemented as deterministic entangled photon sources. We com-

pare these two schemes and draw conclusions for future.

1.0.1 Arrangement of the thesis

The rest of the thesis follows in the following way-

In Chapter 2 Background we briefly discuss the relevance of our thesis in the frame work of current
research in quantum information processing. We briefly discuss quantum repeaters and a more
recent repeater scheme involving entangled photon pair sources thus the latter’s importance. In
Chapter 3 Ideal Scheme, we propose our scheme as a deterministic entangled photon pair source
and state the condition under which it can act so. In chapter 4 Imperfect Scheme we then introduce
our imperfections considered and inspect the sensitivity of the scheme to the imperfections. In
chapter 5 Performance as a deterministic source, we discuss its feasibility both under practical
imperfections and realistic improvements in technology. We also compare it with another possible
scheme which is shown in Appendix 2. In Discussions, we discuss the summary of our results.

Outline of calculations for the scheme discussed in this thesis have been shown in Appendix 1.



Chapter 2
Background
This chapter describes the relevance of this thesis in current research in quantum information
processing. In this chapter we follow a quantum repeater protocol and importance of deterministic

entangled photon pair sources in the frame work of this repeater scheme

2.1 Quantum Repeaters

OM > QM | | OM aM | | OM OM | |OM | QM

A B C D w X Y z
Entanglement creation

aM oM | |aM aM

A D w z

First level entanglement swapping

Last entanglement swapping

Quantum Repeaters

Figure 2.1: Basic scheme for quantum repeaters as proposed by Briegel et al [[13]]

When it comes down to sharing entangled photon states, the obvious choice would have been to
create entanglement locally and then transmit one subsystem to a distant location. But as photon

absorption increases exponentially with the length of the fibre, even with the best available re-



sources, this makes the rate of transmission fall to very low values for distances around 600 km
[L8]L,[12]. A solution to this problem was proposed by Briegel et al [[13]] under the name quantum
repeaters (figure (2.1)).

Here, say we want entanglement to be shared between two distant locations A and B separated
by a distance L. This distance L is divided into n elementary links each of distance Ly = L/n.
Each elementary link is equipped with one node at each of its ends. Entanglement is generated
independently in the elementary link and is subsequently stored in the nodes . Once entanglement
is established in neighbouring links, entanglement swapping [19](see section A.7) is performed
between elementary links, and subsequently on secondary and tertiary links till the final entangled
state shared between A and B. Quantum memories [20] are the principal choice for these nodes.
The idea behind using quantum memories (chapter 2, section 2) is to ensure that entanglement can
be generated independently along each elementary link and stored till the next link is ready for
swapping.

The DLCZ protocol uses three level atomic ensembles as its nodes. These atomic ensembles emit a
single photon via spontaneous Raman Transition while creating a single atomic excitation. Ideally
both the ensembles are excited, and any of one of them emit a photon with equal probability, which
then travels to a central station. Its detection heralds the other single atomic excitation de localised
among the two atomic ensembles, thus generating the entanglement over the elementary link. This
de localised atomic excitation can be read out with a strong resonant light pulse to emit anti-stokes
photons to perform entanglement swapping via one photon detection (see section A.7). They are
then combined into a beam splitter followed by detectors at each end. An alternative approach
[21]] is to using a combination quantum memories and photon pair source has also been proposed

aiming better performance.



2.2 Quantum memories

Quantum memories [20],[22] are important elements for quantum information processing appli-
cations such as quantum networks [[10], quantum repeaters [[13],[15] and linear optical quantum
computation [23]].

Quantum memories for single photons can be thought of a black box which intakes a single photon
state and re emits another single photon state. Its performance can be evaluated by two important
parameters- firstly, the probability that it re emits a single photon given the absorption of a single
photon. This probability is termed as the efficiency. Secondly the overlap of the emitted state of the
photon with the absorbed state, which is called the conditional fidelity. For an ideal quantum mem-
ory both efficiency and conditional fidelity takes the value of unity. In addition to these, important
parameters that characterizes a quantum memory are - the bandwidth of a quantum memory, which
is the range of frequency in which it can function; the storage time, which is defined as the time for
which it can store the absorbed photon and subsequently recalled. This time of recall can either be
fixed by the system or ”on demand” thus chosen by the user. Also the wavelength range of the re
emitted photons is important in certain cases where the outgoing photon is transmitted via optical

fibre.

Single photon quantum memories relies on light matter coupling through various media such as
nitrogen vacancy centres in diamond [25],[26],[27],[28],[29]], optically trapped atoms [30], Raman
scattering in solids [31],[32] and alkali vapours have been observed [33], [34],[35] and rare earth
1on doped solids. Principal approaches in fabricating quantum memories with rare earth ion doped
solids involve controlled and irreversible broadening (CRIB)[36], [37], [38], [39], [40], [41] and

atomic frequency comb (AFC) [42]], [43]], [44], [45], [46], [47], [48], [49], [15]



2.3 A recent repeater protocol

BS1

BS2 BS?2

El tary link
Elementary link ementary lin

Secondarylink

Figure 2.2: Simplified version of a more recent approach to quantum repeaters [15]. Here photon
pair sources which ideally emits entangled photon pairs are marked as epps. BS1 and BS2 refers
to 50 : 50 beam splitters. A 50 : 50 beam splitter can transmit or reflect a photon with equal
probability. Quantum memories are marked as qm and photon number resolving detectors are
marked as D

We here, in figure 2.2, focus on the simplified (non multiplexed) version of a more recent approach
[LS] where they have outlined quantum repeater architecture with pair sources and quantum mem-
ories. A source generating entangled photon pair (epps) lies at each end of an elementary link.
Each such source emits a pair of entangled photons one of which is stored in the quantum memory
and the other is transmitted over a quantum channel to a central station where it meets the similar
member generated from the pair sources in the other end of the link. At the central station, the
joint state of two such photons undergoes a Bell state measurement with a beam splitter (BS1)
and two single photon detectors aiming for joint detection of photons, one in each detector. This
result is communicated via a classical channel to herald entanglement among the photons stored
in the respective quantum memories. This entanglement is stored within the quantum memories

till the same heralding occurs for adjacent links. Then, for entanglement swapping [[19] via two



photon detection (see section A.7) photons are recalled from the quantum memories and similar
Bell state measurement is performed at beam splitter (8S2). With classical communication this
heralds entanglement within adjacent links. This procedure is repeated till entanglement over the
final distance is achieved.

It is possible to implement this repeater scheme with multiplexing. In multiplexing, the source
emits a train of photon pairs in distinct optical modes instead of a single pair. One photon from
each pair reaches the central station while the other is stored in the quantum memory. The large
number of photons increases the probability of detection at the central station thus increasing the
entanglement generation rate over the elementary link. Entanglement swapping requires recom-
bination of the same photon modes whose partners heralds the entanglement. And although the
number of photon pairs permissible is limited by the storage capacity of the quantum memory, the
overall entanglement distribution time achievable is significantly lower than for other protocols
[18].

In temporal multiplexing photon pairs with the same frequency arrive at different time to the cen-
tral station. An individual pair from the sources are distinguished according to the time taken by
them to reach the detector. Thus in order to ensure retrieval of their corresponding partner one
needs the quantum memory to have a variable recall time time. Rare earth ion doped crystals at
cryogenic temperature have been demonstrated as promising photon storage devices for temporal
multiplexing [44]],[45]],[461,[47],[48].

The original proposition [[15] also proposes use of spectral multiplexing [49]], [[15]. Unlike tem-
poral multiplexing, in spectral multiplexing the train of photons arrive at the same time but they
have different frequencies. In this case, one does not need the quantum memories to have dif-
ferent storage time but one uses a frequency shifter to retrieve an output photon with the desired
frequency. However it also required that the beam splitters used in the central station are capable
of distinguishing photons based on their frequencies. It has been shown that allowing standard

imperfections, this protocol outperforms direct transmission [S0] for practical distances. The same
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paper [15] has also demonstrated efficient highly broadband quantum memories capable of storing
upto 26 spectral modes using high frequency. In future, one can envisage combining the ideas
of temporal, spectral and spatial multiplexing [S1]] to achieve a high number of modes [52]],[45]

which promises practical implementation of quantum repeaters.

2.4 Photon pair sources

2.4.1 Parametric Down Conversion

Photon pair sources are important in the implementation of the repeater scheme discussed in the
previous section. If a pump laser is incident on non linear crystals such as beta barium borate or
potassium dihydrogen phosphate, a pair of entangled photons can emerge with a certain probabil-
ity. This process is known as parametric down conversion and it is the most practical source of
entangled photons available [S3]. In this regard, it is obvious to ask whether it is possible to use
them as photon pair sources in this protocol.

If a PDC source emits a pair of photon with probability p, then the probability of two such sources
(one at each end)each emitting a pair is p>. However it is also possible that one such source emits
two pairs with a probability proportional to p> while the other source fails to emit any. This an
unwanted case. Thus the error varies in the same order as that of the desired case. This is the prin-
cipal problem of using PDC as a pair photon source. For a more practical implementation, we look
for deterministic photon pair source, where probability of multi pair emission is much lower than
that of the square of the probability of single pair generation. This leads us to using deterministic

entangled photon pair sources.

2.4.2 Deterministic entangled photon pair sources

A deterministic single photon source ideally emits a pair of entangled photons at the convenience

of the experimenter. It is desired that it emits a pair with a high probability, denoted as efficiency
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E of the source, as this efficiency contributes to the overall entanglement distribution rate of the
repeater protocol. It is also desired that the pair thus emitted has a high overlap with desired en-
tangled state as this would enhance the fidelity of the final entanglement shared between A and B.
We denote this probability as the conditional fidelity f of the source. One can note that the values
of E and f can be optimized in order to enhance the secret key distribution rate [50], [54] for the

repeater pl‘OtOCOl.

2.4.3 Quantum dots as photon pair sources

The principal approach in fabricating deterministic entangled photon pair source has been made

by using quantum dots.

Conduction band

©

Band gap | Egy

000 ooe 1 E

Valence band

a

Excited state

Ny
& L | _ Nondegenerate
3 ~ intermediate states

v

7
4
4 Ground state

C

Figure 2.3: Schematic diagram of quantum dots as single photon sources.a) The valence band of a
semiconductor is filled with electrons one of which can be excited to the conduction band leaving a
hole behind. The energy difference between the valence and the conduction band is called the band
gap. b) A semi conductor with a lower band gap can be embedded inside another semi conductor
with a higher band gap thus creating a finite potential well. An electron (X) trapped in the finite
potential well can spontaneously recombine with the hole it has left behind to emit a photon. A
spin singlet state (XX) trapped in the finite potential well can spontaneously recombine with the
hole pair it has left behind to emit pair of polarization entangled photons. c¢) Once one of the
electron of the singlet pair has recombined with the hole, the remaining one can recombine with
its hole via one of two non degenerate intermediate state
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A semiconductor is composed of a lower energy band, initially filled with electrons, and a
higher energy conduction band separated by an energy difference called the band gap. One or more
electrons can be excited from the valence band to the conduction band leaving a hole behind (figure
2.3 a). Now if we have two such semiconductors of different band gap (Ep;,Ep2,Ep1 > Ep2), we
can embed the one with the smaller band gap Ep, within the one with the higher band gap Ep; to
form a finite potential well (figure 2.3 b).

Now if an electron in the valence band in the embedded semiconductor is excited to its conduction
band X with an energy Ep, (Ep, < Ep < Epy), it will be trapped in the finite potential well leaving
a hole behind. This electron can now spontaneously recombine with the hole to emit a single pho-
ton. If the excitation energy Ep > Epj, then the excited photon will initially not be trapped within
the finite potential well, but it can lose energy via interaction with phonons to fall back in to the
well. Single photon sources using quantum dots using Purcell enhanced quantum dot micro-pillar
system has been experimentally achieved [53]].

If instead of a single photon, a spin singlet state of electron (XX) is excited to the conduction band,
it can recombine with the pair of holes to emit a pair of polarization entangled photons[56]. Here
the emission of the first photon brings a the system into the manifold of intermediate single exci-
tation states (figure 2.3 c). Had these intermediate excitation states been degenerate, the emitted
photon would have been perfectly entangled. However these states are naturally not degenerate.
Thus the path chosen by the second photon is not ambiguous. This makes the outgoing photon
pair mostly classically co-related rather than entangled. This is a major hindrance in producing
entangled photon pairs using quantum dots. The degree of entanglement can be increased to a
measurable level by spectrally filtering out most of the un-entangled photon pair [57], but this in-
troduces photon loss. Recent approach [58] has succeeded producing entangled photon pairs using
nano-wires with embedded quantum dots. Their single photon extraction efficiency ~ 18% which
makes the two photon extraction efficiency have a low value ~ 3%. Finding an alternative approach

to deterministic entangled photon sources with higher efficiency is our principal motivation.

13



2.5 A short note of single photon sources

2.5.1 Single Photon Sources

Single photon sources [S9] are important in linear optical quantum computing. Ideally a single
photon source should satisfy four conditions.

e It should be on demand. This means that the experimenter can choose when the photon is emit-
ted.

e It should be able to emit indistinguishable photons.In particular this means the emitted photons
have identical wave packets in time or in frequency domain.

e The rate of generation of single photon is arbitrarily fast, only limited by the pulse duration.

e And finally source should emit a single photon with unit probability thus the probability of multi
pair being zero.

Apart from this, an important characteristic of a single photon source is the wavelength at which

the photon is emitted.

A single photon source is parametrized by its efficiency €, which is defined as the fraction of
triggers that leads to a single photon emission in the output modes. However, for an imperfect
single photon source, multiple emission occurs. This feature is parametrized by the second order
correlation function g(z) [59].
second order correlation function
This definition comes from the experimental model of the Hanbury Brown and Twiss interfer-
ometer. In this model, a light beam is divided among two detectors by a non-polarizing beam
splitter and the correlation of the detections is observed. The formal definition of the second order

correlation function is given by

@)y <aT(t+T)aT(t)a(t+T)a(t)>
0 @ate)?

where ¢ is the creation operator for the incoming mode.

2.1

For a classical light, which exhibits a bunching effect g(?) (0) > 1. For example, in a chaotic ther-
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mal state of light, g (1) = g(®(0) = 2, which is its upper limit. However, for a coherent state
produced by the laser, which can be both understood in terms of semi classical and quantum for-
malism, the emitted photons are independent of each other which gives g (1) = g(®(0) = 1.

For a fock state [n) we have g2 (0) =1 — % which gives us g(2(0) = 0 for an ideal single photon
state. Further excitations of the single photon source are supposed to emit more photons which

introduces a new condition g(? (1) > g? (0) for such sources.

In this thesis the calculation starts on an incoming state (equation A.9)

" 0’ - E1& 9. 42
v),; = (VT —ene®ir+ /e (1= e)eial + | L2 %ial’] 0 22)

For this state if we calculate the expression of g(%) (0) we have

(2) _ 282
g7(0) alie) (2.3)

In this thesis we have only assumed first order error in & (see equation A.3)

There we have

& = ~ (2.4)

2.5.2 SPS with PDC and memories

A spontaneous parametric down conversion when coupled with quantum memories can serve as a
single photon source. One photon from the source is detected by a single photon detector while the
other photon enters the quantum memory. Successful single photon detection heralds the mem-
ory charging. This stored photon is retrieved on demand (within the storage time of the quantum
memory). If the conditional fidelity of the quantum memory is high then we are assured that the
retrieved state is the desired state and high memory efficiency reduces the possibility of vacuum

emission approximating it to an ideal single photon source.
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Figure 2.4: Scheme showing use of quantum memories as single photon sources:- Pair photons are
emitted from the pair source. One of the emitted photon charges the quantum memory which is
heralded by the detection of the second photon.

As the PDC source emits a pair of photon, detection of a single photon in the detector will
herald its counterpart in the quantum memory.
Now a single turn of illumination of a perfectly heralded PDC emits a single pair with probability
p but it also emits higher other pairs with other probabilities (equation B.7) such as two pairs with
probability with % p?, and so on. Considering up to two pair emissions, given a single detection in
the heralding detector, the probability that a photon is actually heralded is p. s where

Pa+2x2p"Na(1-1y)

(2.5)
1+ p+3p?

Peff =

In our scheme we have four sources. In case we have a photon heralded in a quantum memory
for one source, we have to wait for the other three quantum memories (acting as single photon
sources in other three cases) to get charged. This will continue till the four sources are charged.
This introduces a waiting time factor 7 in our scheme. If the repetition rate of the PDC source is
Rppc and the waiting time factor for charging of the four memories is 7 then the total time T;,; of
four such detections at four single photon sources as

1 1

Tioi =T,
ot f(RPDC) Deff

Thus giving us the effective repetition/heralding rate R,

1
Rs = FRPDCpe ff (2.6)
S

If we wait for time T,, for the first source, then the average waiting time for the second source is %,

for the third source it is % and for the fourth source it is %. This makes the estimated value of Ty
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as 3.

We come back to the original scenario where we have perfectly heralded PDC emits a pair of
photons and detection of one of them in a detector heralds its counterpart in the quantum memory.
We only consider the case where there is one such detection and we allow only the error case where
two photons have been emitted by the pair and one of them have been missed by the detector. If we
ignore photon losses before it reaches the memory, the photon state reaching the detector, assuming

error linear in p, can be written as

1 2 2
p=——=(p11){1|+p3|2)(2

As this state is heralded by a single detection in the detector, we have with p% =1, p% = % p(l—ny)
Now if the memory efficiency is 1, and we write the input state in the pure state formalism, we

have
n o 1
9) = (preat e —a?) 0)

Following the beam splitter model of loss (Appendix A, section 6), we now introduce the following

loss transformations

a = nmazm ++/1— nmalT

where a,,, and a; are emitted and lost modes respectively. Then in the final form of density matrix

we have

p= 1 ((PT(1 =) + P2 (1 = 1)*) [0) (O + (P17 + 2931 (1 = 1)) [1) (1] + P37 [2) (21)

pr+p3

We compare this with the density matrix of the input state we use in this thesis
p=(1-¢)[0) (0] +& (1 —&)|1)(1|+&&]2) (2]

and from there we can write we have

_ 243p(1—1Ma) (2 — M)
2+3p(1—14)

€1 (2.7)
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and

Pm(1—1N4)
(1+3p(1=1a) (1= 1))

3
&= 3 (2.8)

18



Chapter 3

Ideal scheme

In this chapter we discuss the principal topic of this thesis, implementing deterministic entangled

photon pair source based on single photon sources and quantum memories

3.1 Description of the scheme

a i s
" QM1
i_:f s1 g g,{]_h' """""" !
wl PBS3 o
PBS1
w2
w
i | 52 5 i
RPBS
ﬁ Daw
ﬁ =0 d2v
s PBS2 d2
w4 PBS4
ﬁ i . & T
dzhi :
b QM2 —

Figure 3.1: Deterministic entangled photon pair source using sing photon pair sources

There are four independent but identical single photon sources, marked s1, s2, s3, s4 in the dia-

gram. Ideally, each of them simultaneously emit four indistinguishable single photons, all of them
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polarized in the horizontal mode. Each photon passes through a half wave plate marked wl, w2,
w3, w4 in the diagram. The angle of rotation for w1 and w4 is 8. The respective angles for w2 and
w3 are 5 — 6. Thus they are complementary angles. Photons from s1 and s2 interfere at polarizing
beam splitter PBS1 and photons from s3 and s4 interfere at polarizing beam splitter PBS2. One
output from each of these polarizing beam splitters make the output modes a and b, which end up
in a pair of identical quantum memories, marked QM1 and QM?2. The role of these quantum mem-
ories is to store the outgoing photons which are then recalled at a time decided by the experimenter.
The other two output modes, one from PBS1 and one from PBS2 meet at a third rotated polarizing
beam splitter, rotated in the § basis, marked RPBS. The output modes from this RPBS are incident
on two other polarizing beam splitters, marked PBS3 and PBS4 respectively. Two output modes
from PBS3 end up in two photon number resolving detectors marked d14 and d1v. Two output
modes from PBS4 end up in two photon number resolving detectors marked d2h and d2v. Ideally
if we have a joint detection in such a way that one detection occurs at any one of the detector set
(d1h,d1v) and another detection occurs at any one of the detector set (d2h,d2v), then we have a
Bell state heralded in the output mode.

This scheme is inspired from the one mentioned by Zhang et al [17] except that in the original
scheme, a polarization rotator with 8 = % has been used for all the four sources where in this
scheme 0 is a free parameter. The reason for this modification is explained in chapter 4, section
4.2. Also the two quantum memories QM1 and QM?2 have been introduced here in order to store
the outgoing photons only to be recalled by the experimenter. Thus the quantum memories are

used to realize this scheme as a deterministic source.
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3.2 Heralded entanglement

3.2.1 Choice of detectors

In order to understand how entanglement is heralded in this circuit given the detections as outlined
above, we will have a brief look at some interesting properties of the RPBS where we have two
incident photons and two emerging photons.

A) If two photons are incident on it through any one input, then they will always emerge from the
same output, irrespective of whether they emerge in the same or different polarization, as shown in
Appendix A section 5.1.

B)If two indistinguishable photons emerge from it each from one output, then they must have en-

tered the RPBS through two different input modes as shown in Appendix A section 5.2.

Now if we have joint detection one from each of the detector set d14,d1v and the detector set
d2h,d2v then we know that two photons have emerged one from each output of the RPBS and thus
from B)they have entered from two input of the RPBS. One of the photons entering the RPBS must
have come either from s1 or s2 with equal probability while the other has come either from s3 or s4
with the same probability. This ensures entanglement of the outgoing photons in the output mode.
Here the equal probability is ensured by the presence of the half wave plates
Again if we have joint detection in d1h —d1v (or d2h — d2v) then we know they must have en-
tered the RPBS from the same input. This gives rise to cases where we have two photons in any
of the output mode and none in the other. This is not desired as if we aim to apply this source in
the quantum repeater architecture, we need two photons, one from each output mode. Thus such
detections are ignored.

For the rest of the thesis we will use the terminology desired joint detection to signify joint de-
tection one from each detector set d1h,d1v and d2h,d2v. We will use the word undesired joint
detection to signify joint detections both in the same set, i.e. detector combinations d1h —d1v or

d2h —d2v.
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3.2.2 Nature of generated entanglement

From Appendix A section 5.3 we see that

A) If incoming photons (one at each input) have same polarization, i.e. both horizontally polarized
or both vertically polarized, with the same probability, then they will emerge with opposite polar-
ization, i.e. one of them horizontally polarized and the other vertically polarized, with the same
probability.

B)If they enter with opposite polarization, i.e. one of them horizontally polarized and the other
vertically polarized, with the same probability,then they will emerge with same polarization, i.e.
both horizontally polarized or both vertically polarized, with the same probability.

Thus if the photons are detected in the detector pair d1h — d2h (or d1v — d2v) then one can see
that they have emerged from the two output of RPBS with the same polarization (from B)). So they
must have entered it from two different input but with opposite polarization. This assures that the

entangled state heralded in the quantum memories is [¥). Where

_ 1
V2

Similarly if the photons are detected in the detector pair d1h — d2v (or d1v — d2h) then one can

'¥) (|Vs1) |Hs3) + [Hg2) [Via)) (3.1

see that they have emerged from the two output of the RPBS with opposite polarization (from A)).
So they must have entered it from two different input with same polarization. This assures that the

entangled state heralded in the quantum memories is |®). Where

1

V)

Denoting qubit A as |0), = |Vy1), |1), = |Hy2) and qubit B as |1); = |Hg), [0)5 = |Vi4) we have

|¢’> (|Vs1> |Vs4> + |Hs2> |Hs3>> (3.2)

|®) = |®T) and |¥) = |PT) where |®T) and |¥T) are Bell states in standard basis
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3.3 As deterministic pair source

The two quantum memories, QM1 and OM?2 in the output modes ensures that the entangled pho-
tons in the outgoing modes are stored for time 7, where 7y is their storage time. The on demand
nature of a scheme implies that a pair of entangled photon is always available for the experimenter
whenever he or she chooses to retrieve it from the quantum memories. This implies that the rate of
desired joint detection (which ideally heralds entangled photons in the quantum memories) should
be greater than 7, !. For clarity of our scheme, we impose the condition that this rate must be

greater than ;! at least by an order . We refer to this as the deterministic criterion

3.4 Figures of Merit

3.4.1 Probability of desired detection

ps signifies the probability that a desired joint detection takes place given the initial photon states

are prepared from the source. Mathematically,

_ 4 trlps]

4Pl 3.3
tr[pinput] ( )

where pjy is the density matrix after that desired joint detection and pjpy, 1s the density matrix of
the system at input. The factor 4 comes from the fact that there are four combinations of desired
joint detection [d1h-d2h, d1h-d2v, d1v-d2h, d1v-d2v] and any one will serve our purpose.

In our calculations, we have normalized the incoming state, so we have
ps = 4tr(ps] (3.4)
Ideally,
| 4
ps = g(sm28) (3.5)
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where 0 is the angle of rotation for the half wave plates along the sources s1 and s3. Thus we can
see that ideally, the probability of desired joint detection is maximized for 6 = ¥ and the maximum

probability is §

3.4.2 Rate of desired detection

R, signifies the number of desired joint detection per second. Mathematically this is given by
Rs = Ps X Rrep 3.6)

where R, is the repetition rate of the source measured in Hz

3.4.3 Scheme Efficiency

Ej signifies the probability of retrieving at least one photon from each of the quantum memories

OM1 and QM?2. Mathematically

E, — "lPe] 3.7)

tr(ps]

where pg is the density matrix of the output state where at least one photon is retrieved from the
quantum memories.

Ideally E; =1

3.4.4 Conditional fidelity

Assuming one photon is retrieved from each of the quantum memories, fs, the conditional fidelity

is the overlap of the output state with the desired entangled state. Mathematically

o tr[pbellstatepE]

fs= r{p] (3.8)

Ideally f, = 1
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Chapter 4

Scheme including imperfections

In this chapter, we introduce the imperfections to the ideal scheme described in the last chapter
and understand the performance of this scheme considering detectors with non unit efficiency,
memories with non unit efficiency and single photon sources with non unit efficiency and a small
probability of multiple emission only considered upto first order. More specifically, we study the
variation of scheme efficiency Es and scheme fidelity f; with these imperfections. We also look into

the role of the angle of polarization and how its variation is significant to the scheme

4.1 Imperfections

The three sources of loss in this scheme are the sources, the detectors and the quantum memories
respectively. So far we have assumed the ideal case where they are perfect but that is not true in
practical cases. So we introduce some parameters here which will characterize these imperfec-
tions. For the detector we introduce 1, the detector efficiency. 7, denotes the probability that
an incoming photon is detected. For the quantum memory we introduce memory efficiency 1,
which denotes the probability that given a stored photon is extracted in its original stored state.
For the source, we introduce source efficiency € and the two photon component &;. € denotes the
probability that the single photon source emits at least one photon and & denotes the probability
that the single photon source also emits two photons, in a single mode, assuming that it emits at
least one photon. It is referred to as the two photon component. In this thesis we limit ourselves to
the case where only one of the sources emits two photons.

The literature of single photon sources use the terminology second order correlation function g(?.
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Here & ~ %g(z) (0)€; as mentioned in equation 2.4.

Without imperfections, as pointed out in chapter 3, section 4.3 and section 4.4, scheme efficiency
E; =1 and scheme fidelity f; = 1. However if the detectors, sources and quantum memories are
not ideal, a desired joint detection does not necessarily lead to storage of a photon in each quantum
memories. For example - one or more sources can misfire or the one or more detectors can fail to
detect photons thus leading to false detections. And even if two photons are stored in the mem-
ories, their inefficiency might render the photons non retrievable. There are several possibilities
of these errors but all lead to the scheme efficiency E; < 1 and the conditional fidelity f; < 1. To
implement this scheme as a deterministic single photon source in the framework of the quantum
repeater as mentioned in chapter 2, section 4.2, we desire to maximise scheme efficiency E; and
conditional fidelity fy (see chapter 2 section 4.2). So it is fairly obvious to say that we need close
to perfect detectors, sources and quantum memories to maximize scheme efficiency Es. But as we
do not have a perfect world, the obvious question comes, to what extent the scheme efficiency Ej

varies with these imperfections.

4.2 Scheme efficiency

From the expression of scheme efficiency (equation A.58) Here we look at four graphs showing
the variation of scheme efficiency E; with each of the imperfections. In these graphs, experimental
values for memory efficiency 1, = 0.69[60], n,, = 0.87 [61], N, = 0.56 [43]], and detector effi-
ciency Mg = 0.88 [62] are assumed. Wherever required, we assume that the single photon sources

have efficiency € = (0.9,0.75,0.6) and two photon component & = 0.005.
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4.2.1 Graphs
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Figure 4.1: Variation of scheme efficiency E; with source efficiency €; for detector efficiency
Ng = 0.88, memory efficiency n,, = (0.56,0.69.0.87), two photon component & = 0.005, and

cos?0 = 0.1 where 0 is the angle of half wave plate w1 (figure 3.1)
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Figure 4.2: Variation of scheme efficiency E; with memory efficiency 1, for detector effi-
ciency 1y = 0.88, source efficiency € = (0.6,0.75.0.9), two photon component & = 0.005, and

cos?0 = 0.1 where 6 is the angle of the half wave plate w1 (figure 3.1)
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Figure 4.3: Variation of scheme efficiency E; with detector efficiency 1n,; for memory effi-
ciency 1, = 0.87, source efficiency € = (0.6,0.75.0.9), two photon component & = 0.005, and

cos?0 = 0.1 where 0 is the angle of the half wave plate w1 (figure 3.1)
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Figure 4.4: Variation of efficiency E; with two photon component & for memory efficiency
Nm = 0.87, source efficiency € = (0.6,0.75,0.9), detector efficiency 1; = 0.88 and cos?6 = 0.1

where 0 is the angle of the half wave plate w1 (figure 3.1)
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4.3 Conditional fidelity

From the equation A.62, we see that for small values of & it is possible to write conditional fidelity
fs as a linear function of &. Thus one can see that a small change in the two photon component

& can cause a significant change in the conditional fidelity f;. This is exhibited in the following

graphs.
4.3.1 Graphs
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Figure 4.5: Variation of conditional fidelity f; with two photon component & for mem-
ory efficiency m,, = 0.87, source efficiency & = 0.9, detector efficiency 1y = 0.88 and

cos?0 = (0.1,0.5,0.9) where 8 is the the angle of the half wave plate w1 (figure 3.1)
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Figure 4.6: Variation of conditional fidelity f; with source efficiency € for memory efficiency
Nm = 0.87, two photon component & = 0.005,0.02,0.07, detector efficiency 1y = 0.88 and

cos?0 = 0.9 where 0 is the angle of the half wave plate w1 (figure 3.1)

1.0

=
=

~
)

=
=)

conditonal fidelity
—]
~1

bee
in

=
=YN

Figure 4.7: Variation of conditional fidelity f; with detector efficiency 1, for memory effi-
ciency 1, = 0.87, two photon component & = 0.005,0.02,0.07, source efficiency & = 0.9 and

cos?0 = 0.9 where 0 is the angle of the half wave plate w1 (figure 3.1)
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Figure 4.8: Variation of conditional fidelity f; with memory efficiency 1, for detector effi-
ciency 1y = 0.88, two photon component & = 0.005,0.02,0.07, source efficiency & = 0.9 and

cos?0 = 0.9 where 6 is the angle of the half wave plate w1 (figure 3.1)

4.4 Conclusions

From graph 4.1 we can say that the scheme efficiency Ej is highly affected by the source efficiency
€. It is therefore important for us to have high values of €; to make this scheme work in the frame-
work of the repeater protocol as mentioned in chapter 2, section 4.2. From Graph 4.2 and Graph
4.3 we see that for high values of €], scheme efficiency E; is also sensitive (although to a lesser
extent compared to the source efficiency) to the memory efficiency 7, and detector efficiency 1,
and high values of them are desired. However graph 4.4 shows that it is much less sensitive to the
two photon component & as compared to source, memory and detector efficiency. For conditional
fidelity however Graph 4.5 shows that unlike scheme efficiency E;, the conditional fidelity f; is
highly sensitive to the two photon component & compared to other inefficiencies considered here.
This is significant if we want to implement our single photon sources with parametric down con-
version and quantum memories as low value of & implies that the photon pair emission probability

p from parametric down conversion source needs to be limited to low values (equation 2.8) but that
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would limit the effective repetition rate (equation 2.5 and 2.6).

4.5 Role of the half wave plate

The angle 6 of the half wave plate wl (figure 3.1) is not an imperfection but a free parameter
chosen in this scheme. As mentioned in chapter 3 section 1, the angle of rotation for half wave
plates w1l and w4 are 6 while the angle of rotation of the half wave plates w2 and w3 is 5 — 0 We

inspect its role in the following graphs

4.5.1 Graphs
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Figure 4.9: Variation of conditional fidelity f; with cos>6 where 6 is the the angle of the half wave
plate w1 (figure 3.1). We assume detector efficiency 1; = 0.88, two photon component & = 0.005,

memory efficiency 1,, = 0.87 and source efficiency €, = (0.6,0.75,0.9)
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Figure 4.10: Variation of scheme efficiency E and probability of joint detection ps with cos?6
where 0 is the angle of the half wave plate wl (figure 3.1). We assume detector efficiency

ng = 0.88, two photon component & = 0.005, source efficiency € = 0.9 and memory efficiency

NMm = (0.6,0.75,0.9). Here ¢ = 3 X p; is plotted to ensure visibility.

4.5.2 Conclusions

From graph 4.10 we can see that the scheme efficiency E; increases sharply with 6 while the prob-
ability of joint detection p, decreases sharply with 0. This leads to a significant trade off that
happens between the rate of desired detection R and scheme efficiency Ej.

We recall from chapter 2, section 4.2, that when implemented in the repeater protocol, the scheme
efficiency E; directly influences the entanglement distribution rate of the repeater while the condi-

tional fidelity f directly influences the overall fidelity of the repeater protocol. An increment in 6
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increases the scheme efficiency E; and also decreases (although to a lesser extent) the conditional
fidelity f;, as seen from graph 4.9. Thus one can, in principle, choose 6 in order to optimize the

secret key distribution rate [S0] [54] for this repeater protocol.
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Chapter 5

Performance as a deterministic source

In this chapter we discuss the feasibility of implementing this scheme as a deterministic entangled

photon pair source both under current state of art and under realistic improvement in technology

5.1 Performance as an on demand scheme

5.1.1 Practical regime

The state of art photon number resolving detectors has been reported with efficiency 1y = 0.88
[62]]. Quantum memories with high efficiency such as 1, = 0.69 using solid state media [60]and
Nm = 0.87 using rubidium vapour [61] have been reported. Both of these memories have a storage
time in the order of ws. The repeater protocol we have discussed [[15] uses multiplexed AFC mem-
ories. The best reported AFC memory [43] has an efficiency 1,, = 0.56 with storage time also in
the order of ws. But the authors expect to have much longer time in foreseeable future.

Single photon sources can be implemented using quantum dots. Single photon source [S5] have
been reported with efficiency € = 0.66 and a g(?) (0) = 0.009, (which leads to & = 0.0029 from
equation 2.4), have been reported. It has a repetition rate in the order of ~ GHz

It is also possible to implement single photon sources using parametric down conversion and quan-
tum memories as described in chapter 2 section 5.2. Recall that, for a perfectly heralded PDC
source, a detection in the detector heralds the storage of a photon in the quantum memories, which
is subsequently retrieved as a single photon. In such an implementation, it is important to limit the
pair production probability to a low value in order to avoid higher order emissions. The probability
of a pair emission from a PDC is tunable in any experiment. We here have chosen a value 0.047 to

give us a range of conditional fidelity f; which is comparable to the case of quantum dots. Thus,
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following equations 2.7 and 2.8, if we implement single photon sources using a perfectly heralded
parametric down conversion and quantum memories, using a quantum memory with efficiency
Nm = 0.87 we can obtain €, = 0.87, & = 0.01, with a quantum memory efficiency 7, = 0.69 we
can obtain & = 0.69, & = 0.007, with efficiency 1,, = 0.56 we can obtain & = 0.56, &, = 0.004.
But the rate of repetition in all these cases are 1.5M Hz (assuming the quantum memory has appro-
priate bandwidth).

Considering all these practical possibilities, the predicted values have been outlined in the follow-

ing two tables -

Performance of this scheme as deterministic entangled photon pair sources using
quantum dots as single single photon sources at the current state of art.
Detec | Memory | Source | Two Polarizer | Schem | Conditio | Rate of
tor efficienc | efficienc | Photon Angle e nal desired
efficie | y n, Y g Compone | In efficien | Fidelity Detectio
ncy nt degrees | cy T n
Ny & 0 E Rgin
sec™!
88% 87% 66% 0.29% 45 13% 97.1% 10
60 24% 96.8% 33 %10’
75 32% 96.6% 2.7 % 10°

Figure 5.1: For current state of art implementation using quantum dot single photon sources, with
source efficiency € = 0.66 and & = 0.0029 , this table shows theoretically predicted values of
efficiency E, conditional fidelity f, rate of desired detection R for different angles of the half wave
plate - 45°,60°,75° . Here the detector efficiency n; = 0.88, memory efficiency 1, = 0.87 and

repetition rate of the source is 1GHz
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Performance of this scheme as deterministic entangled photon pair sources using PDC and
quantum memories as single photon sources at current state of art
Detector | Memory | Source Two Polarizer | Scheme | Conditio | Rate of
efficiency | efficienc | efficiency | Photon [ Angle efficiency | nal desired
ny Y M g Compo | In E Fidelity [ Detection
nent degrees fs Rgin
N 0 sec™!
88% 87% 87% 0.9% 45 39% 96.2% 1.6 x10°
60 58% 95.4% | 6.2x10*
75 68.5% 95% 5.8 % 10°
69% 69% 0.7% 45 11.2% 94.3% 14x10°
60 21.7% 93.8% | 42x10"
75 29.7% 93.4% | 3.4x10°
56% 56% 0.6% 45 3.8% 93.1% 12x10°
60 8.1% 92.8% | 3.2x10*
75 12% 92.6% | 2x10°

Figure 5.2: For current state of art implementation using combination of PDC and quantum mem-
ory as single photon sources, this table shows theoretically predicted values of efficiency E, condi-
tional fidelity f, rate of desired detection R for different angles of the half wave plate 45°,60°,75°
respectively. The source efficiency € and &, is determined from the choice of the quantum mem-
ory. Here the detector efficiency 1; = 0.88, memory efficiency 7, = 0.87. The parametric down
conversion source is assumed to emit a perfectly heralded pair of photons with probability 0.047. It
is assumed to have a repetition rate of 100M HZ with appropriate memory bandwidth which gives

an effective repetition rate for each of the four sources 1.5MHz

37



5.1.2 Futurist regime

We can expect research in future to give us better performing components. Keeping that in mind,
we predict the performance of this scheme in two particular cases. In the first case, we implement
our scheme using quantum dot sources with efficiency 0.9 but assume the current state of art for
every other component. In the second case we think about a scenario where all the resources are
almost perfect, i.e. the detector, source, and memory efficiency, all equal to 0.96 and the two
photon component as low as 0.001. We put forward our predictions in these two cases in the two

following table

Performance of this scheme as deterministic entangled photon pair sources using
quantum dots as single single photon sources. Current state of art for photon number
resolving detectors and quantum memories have been assumed but with optimist
efficiency for quantum dot sources
Detector | Memory | Source Two Polarizer | Efficienc | Conditio | Rate of
efficienc | efficienc | efficienc | Photon Angle y nal desired
y g Y M y g Compon | In Eq Fidelity Detection
ent degrees £ Ryin sec™!
& 0
88% 87% 90% 0.4% 45 45.3% 97.9% 1x10®
60 64.6% 97.5% | 42x10
75 74.7% 97.2% 4.07 x 10°

Figure 5.3: This table shows theoretically predicted values of efficiency E, conditional fidelity f,
rate of desired detection R for different angles of the half wave plate 45°,60°,75° respectively for
a quantum dot single photon source with source efficiency £ = 0.9 and & = 0.004. Current state
of art values have been assumed for all other resources. Detector efficiency 1; = 0.88, memory

efficiency n,, = 0.87
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Performance of this scheme as deterministic entangled photon pair sources implementing
single photon sources both with using both quantum dots and PDC and quantum
memories combination in the futurist regime.
Polarizer | Efficienc | Conditio | Rate of desired detection Rate of desired detection
Angle y nal with implementing single with implementing single
In E Fidelity photon sources using PDC | photon sources using
degrees f + Quantum memory quantum dots
0 combination with Rin sec™!
Rin sec™ The assumed repetition
The assumed repetition rate is 1 GHz
rate is 1.5MHz
45 76.7% 99.5% 1.7 x 10° 1.17 x 10
60 86.4% 99.4% 8% 10* 5.8 %10’
75 90.5% 99.3% 9% 10° 6.2 % 10°

Figure 5.4: This table shows theoretically predicted values of efficiency E, conditional fidelity
f, rate of desired detection R for different angles of the half wave plate 45°,60°,75° with source

efficiency €1 = 0.96 and & = 0.001, detector efficiency n; = 0.96, memory efficiency 1n,, = 0.96

5.1.3 Conclusions

Assuming indistinguishable photons emitted from the four single photon sources,from figure 5.1,
we can conclude that at the current state of art (photon number resolving detectors with detector
efficiency of 88% [62], quantum memories with efficiency 87 % and storage time in s [61]), one
can realize this scheme as an entangled photon pair source if one implements single photon sources
using quantum dots (source efficiency & = 0.66, two photon component & = 0.0029) [55]]. In that
case one obtain high conditional fidelity f; ~ 97% but with moderate efficiency Eg ~ 24% .

However if one thinks about realizing single photon sources using PDC and quantum memories,

this scheme cannot work as an entangled photon pair sources at the current state of art as shown
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in figure 5.2. This is because the rate of generation of deterministic entangled photon pair is not
sufficiently high. If a PDC source works at 100M Hz, the effective rate comes down below ~ MHz
and with current quantum memories of storage time ~ (s this does not satisfy our deterministic
criterion (chapter 3,section 3). A quantum memory of storage time at least ~ 100LLs is required.
As shown in figure 5.3, we can expect research in quantum dots to advance in future where we can
have quantum dot single photon sources with efficiency as high as 90%. Assuming in that case
they still have repetition rate of GHz, it is possible to use them as single photon sources to obtain
conditional fidelity ~ 97% and an efficiency ~ 65%.

We can also expect future research to give us quantum memories with storage time more than the
current one. If we want to implement single photon sources using PDC and quantum memories,
higher storage time of quantum memories will enable the sources to satisfy the deterministic
criterion (chapter 3,section 3). If the storage time reaches ~ ms even with the current available
memory efficiency we can implement a combination of PDC and quantum memories as single
photon sources (chapter 2, section 5.3) to implement this scheme as deterministic entangled photon
pair sources with efficiency as high as 58% and conditional fidelity 95%.

From figure 5.4, we can say that in the very optimistic regime where we can expect to have photon
number resolving detectors having efficiency 96%, and quantum memories to have an efficiency
96% and quantum dot sources with efficiency 96% and acting in GHz regime, we can have almost
perfect conditional fidelity and scheme efficiency as high as 86%. If in addition to this, these
quantum memories have storage time in ms, one can implement the single photon sources using the
quantum memories and PDC to attain the same high values of scheme efficiency and conditional

fidelity.

5.2 Comparison with another scheme

So far we have seen that the current state does not provide us with resources which can make our

scheme work as a deterministic source of entangled photon pair with high efficiency. But we can
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wait for better resources to appear in future. In that light, we can ask whether this scheme is the
only possibility to have such pair sources. The answer, however, is that there is another scheme
[16] generating heralded entanglement, which used a parametric down conversion source instead
of single photon sources and which can be implemented as a deterministic pair source using quan-

tum memories. This scheme is described in Appendix 2

As we have assumed a perfectly heralded a PDC source (Appendix 2 section 3) for this scheme,
to make a comparison on equal footing, we assume a very high source efficiency £ = 0.97 for our
scheme. Then we compare the results of these two cases under two circumstances. Firstly, with
best available resources in the current state of art; i.e. with detector efficiency n; = 0.88 and
memory efficiency of 1, = 0.87. And secondly in futurist case where the detectors and memories
are more efficient. In that case, similar to the futurist values in previous section, we assume 1),, =
0.96 and n; = 0.96. Recent experiments implementing the same protocol [63] have used a pair
production probability p = 0.047 for the PDC and we assume a repetition rate ~ 100M Hz for the
PDC source. Assuming outgoing quantum memories with appropriate bandwidth, the comparison
results are shown in the two tables below.

We have also assumed a modest repetition rate of 1.5M Hz for the scheme single photon source. It
is obvious if quantum dots are used as single photon sources, the rate R; in the two tables below

will be even higher by an order ~ 103
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Comparison between PDC and Single photon source scheme

Angle of Efficiency Conditional fidelity Rate of desired

the detection
polarizer

(SPS)/bea
m splitter
(PDC) in
degrees

E, (PDC | E,(SPS f.p (PDC 75 (SPS R, (PDC | R, (SPS
scheme) scheme) scheme) scheme) scheme) scheme)

with a with a
repetition | repetition
rate rate

~ 100 MHz| ~ 1.5 MHz

45 63.2% 73.4% 95.5% 95.8% 30 1.4 % 10°
60 72.3% 88.6% 92.8% 94.6% 3 6.7 x 10*
75 75.8% 95.6% 90.8% 93.8% 0.035 7.6 x 10°

Figure 5.5: This table shows theoretically predicted values of efficiency, conditional fidelity, rate
of desired detection for different angles of the half wave plate 45°,60°,75° respectively for the two
schemes. Here we have assumed a perfect single photon source with source efficiency €, = 0.97
and & = 0.011. Current state of art values have been assumed for all other resources such as
detector efficiency 1, = 0.88, memory efficiency 7, = 0.87. The single photon source is assumed
to have a repetition rate of 1.5MHz. The PDC source is assumed to have a repetition rate of

100M Hz and probability of production of a perfectly heralded pair p = 0.047
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Comparison between PDC and Single photon source scheme with n, = 96%, n,, = 96%
and g, =99%, &, =0.003
Angle of Efficiency Conditional fidelity Rate of desired
the detection
polarizer
(SPS)/bea
m splitter
(PDC) in
degrees
E, (PDC E(SPS f (PDC f(SPS R, (PDC R(SPS
scheme) scheme) scheme) scheme) scheme) scheme)
with a with a
repetition | repetition
rate rate
~ 100 MHz| ~ 1.5 MHz
45 89.3% 88.1% 96% 98.8% 36 1.7 x 10°
60 93.7% 94.5% 92.2% 98.4% 5 9.1 x 10*
75 95.2% 97.1% 89% 98.1% 0.049 10*

Figure 5.6: This table shows theoretically predicted values of efficiency, conditional fidelity, rate
of desired detection for different angles of the half wave plate 45°,60°,75° respectively for the two
schemes. Here we have assumed a perfect single photon source with source efficiency €, = 0.97
and & = 0.003. Futurist have been assumed for all other resources such as detector efficiency
Ng = 0.96, memory efficiency 1, = 0.96. The single photon source is assumed to have a repetition
rate of 1.5MHz. The PDC source is assumed to have a repetition rate of 100M Hz and probability

of production of a perfectly heralded pair p = 0.047
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5.2.1 Conclusions

In this comparison we have assumed a perfectly heralded PDC source for the PDC scheme and
single photon source with near perfect efficiency for the single photon source scheme. The result
obtained both in the cases of current state of art and futurist regime points to the fact that for
comparable high values of scheme efficiency and conditional fidelity, the rate of desired detection
is far too low for the PDC scheme compared to the single photon source scheme even with modest
repetition rate for the latter. Thus quantum memories at the output of the PDC scheme needs to
have a storage time at least in the order of a few seconds to satisfy the deterministic criterion
as shown in chapter 3, section 3. Although at the current state of art, the single photon scheme
discussed in this thesis can only be implemented with a moderate efficiency of 24% (as shown
in chapter 5 section 1.3), it still has a major advantage over the PDC scheme in terms of demand
on the storage time of the quantum memories. The demand on storage time for the quantum
memory for the scheme using single photon source scheme is smaller than the PDC scheme at
least by a factor 10* (107 if quantum dots are used as single photon source) for comparable high
values of scheme efficiency and conditional fidelity, which in turn is necessary for these schemes
to work efficiently in the framework of quantum repeaters as mentioned in chapter 2 section 4.2 .
Thus we can conclude that if we expect having more efficient resources in the future, successful
implementation of a deterministic entangled photon pair sources, with single photon sources will
be much more practical than doing the same with the alternate scheme that uses a single PDC

source.
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Chapter 6

Discussions

We summarize the important conclusions we have obtained in the last two sections.

e A recent repeater architecture [[15] has been proposed which uses deterministic entangled photon
pair sources. Considering the non multiplexed case, one can think of implementing determinis-
tic entangled photon pair sources using heralded entanglement generating schemes [[16] [17] and
quantum memories. We have proposed such an implementation using four single photon sources,
linear optics, photon number resolving detectors and quantum memories (based on the heralded
entanglement generating scheme proposed by Zhang et al [17]). We have assumed the the sources
emit indistinguishable photons thus the sources emit identical wavepackets.

For optimal performance of the quantum repeater protocol, it is important that the deterministic
pair source has high scheme efficiency and high conditional fidelity (chapter 2, section 4.2). The
deterministic scheme also demands that the rate of entanglement storage of the scheme must be
faster than the inverse of storage time of the quantum memories used (chapter 3, section 3). At
the current state of art, it is possible to implement our scheme as a deterministic entangled photon
pair source using quantum dots as single photon sources. The predicted conditional fidelity of this
scheme at the current state of art is (97%) but the predicted efficiency is moderate at (24%)(chapter
5, section 1.3).

e It is possible to implement single photon source using Parametric Down Conversion source and
Quantum Memory with appropriate bandwidth (chapter 2 section 5.2). At the current state of art,
where storage time of quantum memories ~ s, such implementation is not possible as the rate
of creation of deterministic entangled photon pairs does not satisfy the deterministic criterion
(chapter 3, section 3). For such an implementation, quantum memories of storage time at least

~ 100us is required.
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e We can envisage future research where we can think about implementing this scheme as a mul-
tiplexed deterministic photon pair source as this would enhance the over all performance of the
quantum repeaters.

e Although we have assumed perfect optical components such as half wave plates, polarizing beam
splitters, their imperfections will reduce the conditional fidelity by a margin. We look forward to
further advancement in their perfection.

e We look forward to further advancement in the fabrication of single photon sources with higher
efficiencies and high repetition rate and near perfect indistinguishability. We also look forward to
further advancement in fabrication of quantum memories with higher storage time. This advance-
ment will assure implementation of this scheme as a deterministic entangled photon pair source
with higher scheme efficiency and conditional fidelity .

e Alternatively it is possible to implement deterministic entangled photon pair sources using linear
optics, photon detectors, quantum memories and one parametric down conversion source [[16]. But
to actually put it into practice, this scheme has a much higher demand of resources than the sin-
gle photon scheme. So it is fairly conclusive that with the advancements of research, this scheme
described in this thesis, which uses single photon sources, has much higher chance of successful
implementation than the PDC scheme.

e Future topics of research can be investigating the effect of imperfect indistinguishability of the
photons emitted from the four sources. One can also investigate how the repeater protocol dis-
cussed in this thesis will perform with this deterministic entangled photon pair source. We have
introduced a free parameter 6 (see chapter 3, section 1) which can, in principle, be used to optimize
the secret key distribution rate of the repeater protocol where this source is implemented (chapter

4, section 4.2).
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Appendix A

CALCULATIONS

Here we give the expressions of the figures of merit under the imperfections considered showing

the calculation steps

A.1 Initial state

A.1.1 Description of the photons
The initial state for the photons emitted from the j'* source can be given by

pij=(1—£1)]0);; (O] +&1(1 —&)[1);; (1| +e1&2(2);; (2|Vj = (1,2,3,4) (A.D)
Thus the initial joint state of the photons is given by

4
pi = H Pij (A2)
®Jj=1

In this thesis we approximate that at most one of the sources can emit two photons. With this

approximation we can write

Pinitial = hmO Pi (A3)

&

With this assumption we note that

17| Pinitiar] = 1 (A.4)

A.1.2 Pure state calculation

Given a Hilbert space H with finite dimension d, we can write any density matrix in its eigen

expansion as

d
Z pile) ( (A.5)
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where }; p; = 1 and 0 < p; < 1 Vi. The vectors (|¢;)) forms an orthonormal basis of H

If we define
d |
[0") =Y pi % 19); (A.6)
p'=1¢") (¢l (A7)

we can see that p is equal to the diagonal elements of p’.

A.1.3 Description of the initial state

Following this idea, we can shift our calculation to the pure state formalism. In this way we can

write joint pure state of the photons emitted from the j' source

4
v)i= [T Iv); (A.8)

®j=1

where |1//j>, which is the initial pure state of any one of the source and is given by

i i €18 g +2 .
), = VI —e)e®i+/a(l-e)e®a)+ /= 2%l ]j0)vjC (1,2,3,4) (A9

where a; represents the creation operator for each source j and 9(/) j,G{ j,9£ j are arbitrary phase
angles.
From here we can construct p’ = |y), (y]; (equation A.7) and only choose the diagonal elements

to retrieve our density matrix p; (equation A.7).

A.2 Circuit

A.2.1 Half Wave Plate

Assuming all the source emit horizontally polarized photons, the half wave plate induce the fol-
lowing transformation on the incoming modes

a; = cos Ga;h +sin Gaj-v for half wave plates j = 1,4

~. = ~.—

a’=sin Qa;h + cos Gaj.v for the half wave plates j = 2, 3.
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A.22 RPBS

If the detector modes are denoted by d 1AT,d1vT,d2h",d2vT then the role of RPBS is inducing the

following mode transformation

¥ 1 I 1 1 ¥
a, 2 2 2 —3| |4l
¥ 1 1 11 ¥
a 5 5 —5 5 dlv
:V - ? 21 12 ? " (A.10)
as, 2 T2 2 2 | |4
¥ 11 1 1 ¥
ay, -2 3 3 2 d2y

A.2.3 Modelling imperfect detectors

Using the beam splitter model of loss (as shown in Appendix A section 6), the lossy detectors can

be modelled as

d1h" = Mad i+ /T —npud1h] (A.11)
dv' = \/Mad v+ /T —1ud1v] (A.12)
d2h" = \/Mad2h} + /1 — ud2h] (A.13)
d2vt = \/Mad2v’ + /1= nud2v] (A.14)

where modes with subscript d corresponds to cases where the photon has been detected and modes

with subscript [ corresponds to cases where the photon has not been detected.

A.2.4 Revisiting intial pure state

Now with all the tools in hand, we can re write the initial pure state |y); (equation A.8) with in the
mode expansion involving (a]v,aéh,a3h,a4v,al1hJr dlhT dlvd,dlvl ,th} d2hT d2v2,d2v;)
Now we can construct p’ = |y), (y|; (equation A.7) and only choose the diagonal elements to

retrieve our density matrix p;.
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A.3 Evaluating figures of merit

A.3.1 Probability of desired joint detection

We have limited ourselves to cases where only one photon emits two photon but we have assumed
that this can happen to any source. In our calculation we have checked, that the figures of merit will
have the same value for any choice of detector combination d1h —d2h,d1h—d2v,d1v—d2h,d1v—
d2v.

We choose the detector combination d14 — d2h for the rest of our calculation.

Now, our aim is to evaluate the density matrix of the state after such a desired joint detection p;
which we do in the following steps.

We define p; as follows

P2 = t}"[p,'PD] (A.15)

Pp = [d],;10) (0| dia) @ [d3, ;10) (O] dap] (A.16)

P2 is the density matrix after one (and only one) detection in each of the detector pairs d 14 and
d2h. Now we eliminate all terms in p, which has any of the terms (d1v,d 1v?.d 1v3,d2v,d2v?,d2v?).
This can be easily done using a computer program. Let us call the remnant density matrix after
this elimination p3.

We are still left with the losses that has occurred through any of the detectors. We wish to trace

over these losses and it is done as follows. We define

Pain, = [|0) (O] +d 1k 0 (O|d1h; + %dlhf* 10) (0] d1h? + édlhf* 10) (0] d 1) (A.17)
Pu1y, = [|0) (O] +d1v] 0) (0| d1v; + %dwff 10 (0] d1v? + édn?* 10) (0]d1v}] (A.18)
Paon, = [|0) (O] +d2h] |0) (0| d2h; + %dzhl2T 10) (0] d2h? + édzh;” 10) (0] 423 (A.19)
Puay, = [|0) (O] +d2v] 0) (0| d2v; + %dzv}” 10) (0] d2v? + édZv?T 10) (0] d2v}] (A.20)

With this definition we have

ps = tr(tr(tr(tr[P3Painm)|Patvm) Paohm) Paovm) (A21)
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We can evaluate pg from in equation 3.4

A.3.2  Scheme efficiency

Modelling imperfect memories

So far we have not considered the memory efficiency as it does not affect the probability of de-
sired joint detection. However the memory efficiency does affect our scheme efficiency. Here we
can model the memory efficiency using the beam splitter model of loss. This is exhibited in the

following equations

aj, = V/nay,,, +/1=1naj, (A.22)
), = Ny, +/1=Mmasy, (A.23)
ayy, = /Mmayy, ++/1—nndj, (A.24)

mr ml

ay, =\, +/1—Nna}, (A.25)

where modes with subscript mr corresponds to cases where the outgoing photon has been retrieved
from the quantum memory and modes with subscript ml corresponds to cases where the outgoing

photon in the quantum memory are lost.

We define
1 1
Pmrl = Z [(a'{vmr + a;hm',) ‘O> <O| (alvm, + athr) + E (aTV,,1r + a;hmr>2 ’0> <0’ (al"mr + azhmr)z] (A26)
L i L Py 2 (Ao

Pmrz - 4 [(a4vmr + a3hmr> |0> <O| (a4er + a3hmr) + 2 (a4er + a3hmr) |0> <O| (a4er + a3hmr> ] (A 7)
Pmr =Fur1 ® Pmr2 (A28)

This way we can define
PE1 = f”[Pstr] (A.29)

The above step is done to ensure that at least one photon is extracted from each output. Now we

again have to trace over the losses incurred due to the inefficiency of the memories. For that, we
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again define

I 5
10) (0l at, +—aji [0)(0laj, |

15
Pal"ml = [|0> <O| +aJ{sz |0> <0| alvml + =a i galvml

2 v

15 l 3
Pa, = 110) (0] +a§hm, |0) (0] azp,, + —azzml 0) (O a%hm, + —az}im, [OX( a%hml]

2 6
1, l 5

Pa, - =110) (O] + aihml |0) (O[ a3p,, + 5“32,"1 10) (0|3, , + 6“3;2"11 10) (0|3, ]
15 1 3:

Pay, = 110) (0] +aj1vm, |0) (0] aay,, + 5“43,"1 10) (0] a3, ,+ 6 %v 10) (0| a3,, ]

Expression for scheme efficiency

Thus

]

pE = tr[tr[tr[tr[pElPalvml]Paz;,ml]P[l3hml]Pa4v

ml

E can be evaluated from equation 3.7

A.3.3 Conditional fidelity

Once we have pg, we can evaluate conditional fidelity from equation 3.8.

A.4 Final expressions
We have
Ps = Pps + Pv+P1+ P211 + P212 + P22 + P31 + P32
where
pa = Cps|¥) (¥
see equation 3.1. This is the case where the outgoing state is a desired bell state

Py = Cv |0> <O|
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This is the case where there is no photon in the output
p1=Ci(|V) (Vsil+ |Hp) (Ho| + |Hyz) (Hyz| + |Via) (Vial) (A.39)
This is the case where there is one photon in the output

P211 = C211 (|Vs1Hs3> <V51Hs3| + |Vs1Vs4> <Vslvs4| + |Hs2Hs3> <Hs2Hs3| + |Hs2Vs4> <Hs2Vs4|)(A40)

p212 = Co12(|Vs1 Vi) (Vi1 Vaa| + |[HizsHy2) (Hi3Hy2|) (A.41)

These are the cases where there is two photons one in each output but they are not in the bell state

p22 = Coo([Vs1Vir) (Va1 Vst | + [Vs1 Hya) (Hs1 Via| + |Hy3 Hys) (Hys Hys | + |[Hi2Via) (Hs2Vi3|) (A.42)
This is the case where there is two photons in the output but they are in the same output mode

P31 = C31(|VsaHs3Hyp) (VsaHszHgo | + Vi1 HisHyo ) (Vi Hiz Hyo |
+ |Vs1VsaH) (Vi VaaHgo | + |V HoHgs) (Vs HoHgs )

(A.43)

P32 = C32(|Vs1 Vi1 Via) (Va1 Vi1 Vsa| + [Vs1 VsaVia) (Vi1 VsaVial

+ ’HS3HS3H52> <HS3HS3H52’) + |Hs2H32HS3> <H52H52H53|) (A-44)

These are the cases where there are three photons and at least one in each output mode. The

expressions for the coefficients are

1
Cps = 5(0054 6)(sin* 0)el (1 — 4&)n3 (A.45)
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1
Co=513(1—na)e} (1 —4e2) (cos® 0) + (1 —e1) e (1 — 2e2) (cos* O)ng (A.46)
+4g] (1 — &) (1= 3&)n3(1—14)(cos® 8) +
1 7
82[5(1 —¢&)’e(cos*0)n7 + 5(1 —&1)%ef (cos® )Ny (1 —ny)

13
+5 (1= €)eing (1= 1a)* cos* 6

9
+§8f175(1 —14)*(cos'?6)]

1 1
Ci = Z(COS6 6)sin” 017 (1 —ny)et (1 —4&) + 4_1(1 — ))& (1 —3&)(cos* 0)sin”> 613

7
—|-82[§812(1 —¢1)*(cos*0)sin® 17 +

13 21
Zsf(l —£1)(cos® @) sin?On3 (1 —ny) + gef(cosg 6)sin” 6n3(1—1n4)%] (A47)
S Ay aid gl 23 4 60 cind g2
Gy = ez[z(cos 0)sin” O¢g7 (1 —¢&1)n; + 28 (cos”@)sin” 017 (1 —ny)] (A.48)
T o) cind 0ol 2 T A 60 cind o2
Cop = 82[4_1<COS 0)sin” 0¢g7 (1 —¢&1)n; + 28 (cos”@)sin” 017 (1 —ny)] (A.49)
1 1
Cy = Sz[Z(COS4 6)sin* 0e} (1 —&)n3 + Ze?(cosf’ 6)sin*On7(1 —ny)] (A.50)
5
Cz = sz[g(cos4 6)sin® 03] (A.51)
1
Cxp = 82[1 (cos* 0)sin® Oefn 7] (A.52)
So we have
ps =4(Cps +C, +2Co12 +4(C1 + Can1 + Cr2 + C31 +C32)) (A.53)
Again
PE = PE1+ PE2 (A.54)
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where

pe1 = N2Cgs |BS) (BS)|
+n2Co11 (|Vs1Hya) (Vi1 Hyo| + |ViaHgs ) (ViaHys | +

+12Co12(|Vs1Via) (Vi1 Via| + |HsHyo) (H3Ho))
and

Pe2 = My Ca1 (|VuHgHy) (VaaHgHio |
+|Vs1HgHy2) (Vs1 Hy3Hy |
+|Vs1VauHy2) (Vi1 Vs Hyo |
+[Vs1anHyz) (Vs1aznHys|)
+15C32(|Vs1 Vst Via) (Vir Vit Vi

+ V51 VisaVia) (V1 Vs Via|
+|Hy3Hg3Hy) (Hy3Hy3Ho |

+ |Hs2Hs2Hs3> <Hs2Hs2Hs3|)
and

Pbelistate = Pd = CBS |‘P> <lP|

So we have (from equation 3.7 and equation 3.8)

_ 4n2(Cps+2(Ca11 +Ca1a) +41m(C31 +C3))
Ps

Es

; 1+82%

where
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1
fl= 8—2(2(C211 +C212) + 4N (C31 +C32) (A.60)

f2=Cgs (A.61)
We can see that for small values of €& we can write

fi=1-— 822 (A.62)

f2
A.5 Additional- an interesting property of the RPBS

al a3

a?l ad

Figure A.1: Schematic diagram of a rotated polarizing beam splitter. A rotated polarizing beam
splitter is an ordinary polarizing beam splitter with half wave plates with an angle 7 /4 at each of
its entry and exit. The annihilator operator of the incoming modes are denoted as al and a2 while

the annihilator outgoing modes are denoted as a3 and a4

Here we consider a few properties of the RPBS where two photons are entering and emerging from

it.
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A.5.1 Two photons from same input

First we ask the question what happens if we we have two photons incoming from one end and
none from the other? In the case we can write the incoming state as 3 (@ al;(l + Brall)?+ (a2a2:l +
B2a2!)?|0) and expanding it after the mode transformation, as described above, we have the final
state in the linear combinations of the terms (a3ZT,a3%T,a4ZT,a4ET,a3Za31,a4za4§) acting on |0).
As we can see that each of the terms are either in 3™ OR in a47, but there are no terms which are
in product of a3 and @47, we can say that if we have two incoming photons from the same input

in the RPBS, then they will emerge at the same output of RPBS.

A.5.2 Two photons from different input

If they arrive at different output, then we can write the incoming state as (oclalz +Bial)) (ocza2z +
B.a2!)|0) and and expanding it after the mode transformation, as described above, we have the fi-
nal state in the linear combinations of the terms (a3} ,a32",a4;",ad2% a3} a4} a3 a4}, a3} a4; a3ia4])
acting on |0). This clears the fact that if we have two photons emerging from different outputs in
the RPBS, i.e. the outgoing terms are in product form of the modes a3" and @47, then they must

have entered the RPBS from different inputs.

A.5.3 Polarization parity and RPBS

Here we stick to the case where two photons are incoming on the RPBS from two different input.
A photon in each of these mode can either be horizontally polarized or vertically polarized. Thus

the RPBS matrix performs the following transformation

|H>a3 ‘H>a4 % % % _% ’H>al ‘H>a2

H) |V bl H) |V

| >a3’ >a4 _ 2 2 2 2 ‘ >a1| >a2 (A63)
Va3 1H) s 3111 | [ ValHe

’V>a3 ‘V>a4 _% % % % ’V>al ‘V>a2

63



Thus if the incoming state has same polarization, either both horizontally polarized or both verti-
cally polarized with the same probability, i.e. if the initial (un-normalized) vector is (1,0,0,1)”
then the RPBS transforms it into the outgoing vector (0,1,1,0)7 which implies that the outgoing
state has opposite polarization.

Similarly if the incoming state has opposite polarization, either both horizontally polarized or
both vertically polarized with the same probability, i.e. if the initial (un-normalized) vector is
(0,1,1,0)7 then the RPBS transforms it into the outgoing state (1,0,0,1)” which implies that the

outgoing state has same polarization.

A.6 Additional - beam splitter model of loss

An optical element, such as a detector or a quantum memory with an efficiency 1 can be modelled

using a perfect element and a beam splitter with a transitivity /7 placed in front of it.

tin = v/Mal+/T—naj, (A.64)

If a photon is transmitted through this beam splitter, it is equivalent to the scenario where the
optical element functions efficiently (denoted by subscript eff) and the if the photon is reflected
through this beam splitter, it is equivalent to the scenario where the optical element fails to function,

(denoted by subscript [oss).

A.7 Additional - Entanglement swapping

Entanglement swapping [19] is a measurement technique to create entanglement between two
subsystems which have not interacted previously. If the joint system A, B and C, D are previously
entangled, the idea behind entanglement swapping is to interfere subsystems B and C to create
entanglement between subsystems A and D who have not previously entangled. Quantum repeaters

rely on entanglement swapping either by one photon or two photon detections as described below.
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Via one photon detection

Figure A.2: Schematic diagram of entanglement swapping via one photon detection

Let us assume that subsystems A and B are optically entangled via de-localization of a single

photon among them. We can write

1 .
P) 45 = ﬁ(ai +ag)|0) (A.65)

Similarly subsystems C and D are optically entangled via de-localization of a single photon among

them. We can write
1
¥)ep = —5(ac+ap)[0) (A.66)

Thus their joint subsystem can be written as
W) = [¥)ap @ [¥)ep (A.67)

If photons from B and C are allowed to be incident on the beam splitter (figure A.2), then denoting

the beam splitter output modes as aTE and a;, the joint system can be written as

1.1 5+ 1 ;
W) =S [5ar —5ar +djaj,

S (a) tap) —al s (ah—ah)]0)  (A6S)

" "

The last two terms corresponds to the case where a single photon is detected either along the
detector in the mode ag or in the mode aTF and subsystems A and D are subsequently entangled
and this happens with a 50% probability. Single photon entanglement swapping is employed in

quantum repeater protocols such as the DLCZ protocol [[14]]
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Via two photon detection

Figure A.3: Schematic diagram of entanglement swapping via two photon joint detections

In this case let us assume that two photons, one in each subsystems A and B, are entangled in their

polarization mode. We can write

1 ,
¥)ap = 5 by + dyagy) |0) (A.69)

Similarly subsystems C and D, are entangled in their polarization mode. We can write

1 .
¥)ep =75 (apyapy +abyapy) |0) (A.70)

Thus their joint subsystem can be written as
W) = ¥)ap @ [¥)ep (A.71)

If photons from B and C are allowed to be incident on the beam splitter followed by two polarizing

beam splitters, one in each outgoing mode (figure A.3), then denoting the polarizing beam splitter
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output modes as (az H,azv) and (a; H,a;‘,), the joint system can be written as

Loy o+ s
W) = E[EaEHaAHaDH

Loy 4

5 Argfan9pH

Loy & 4
5%y 4y oy

Lo v

2aFVaAVaDV
LR R e e e
+ E(ZEH‘ZL'TV NG (aspapy +asapy)

1 1 )
g P g
—— (aypapy +asapy)

ArpyQdry —F—
\/EFHFV\/E

1 1 -
it i i
+ EaEVaFH ﬁ (arpapy —ayapy)

L 4 1

_ﬁaEVaFHE(aIZHaZV - aj}VaTDH)] 0) (A.72)

The last four terms corresponds to the case where two photons are detected, one in each detectors.
One can see that such a joint detection creates entanglement between subsystems A and D with
a probability of 50%. Entanglement swapping via two photon detection is used in the quantum

repeater protocol discussed in this thesis [[15]].
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Appendix B

Scheme using parametric down conversion source

In this chapter we outline an alternate scheme where deterministic entangled photon pairs can be

generated using parametric down conversion source and give expressions of the figures of merit

B.1 Description

Figure B.1: Deterministic entangled photon pair source using parametric down conversion source

This alternative approach is based on the heralded entanglement scheme proposed by Sliwa and
Banaszek [16]. A parametric down conversion source emits three polarization entangled photon
pairs in the mode a and . Each mode is incident on a beam splitter where each photon can be
transmitted and subsequently stored in quantum memories marked QM. Or they can be reflected
back to a polarizing beam splitter whose output modes lead to a pair of photon number resolving

detectors. A half wave plate is placed before the polarizing beam splitter of any of the one mode,
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here along mode e. A fourfold detection, one in each four detectors, heralds storage of a pair of
polarization entangled photons in the output mode.

It is trivial from the scheme that if the PDC source emits one pair of photon, it cannot lead to a
fourfold detection. If it emits two pair of photons, and if all of them are reflected from the respective
beam splitters along modes e and f, the presence of the half wave plate in mode e ensures that the
two photons along e are both directed to any one of the detectors due to the Hong Ou Mandel
effect. Thus such a four fold detection is not possible. In the ideal case, if the PDC source emits
three pairs of photons, then the fourfold detection ensures storage of one photon in each of the
output modes ¢ and d. As the stored photons can have any of the two orthogonal polarizations with
equal probability, they are in a bell state.

The notions of probability of fourfold detection psp, rate of joint detection Rgp scheme efficiency

Ep and conditional fidelity f;p can similarly defined in this case.

B.2 Imperfections

Imperfection in this scheme can arise from non unit detector efficiency 71y, memory efficiency
Nm, and emission of four pairs of photons instead of three pairs. Another source of error is the
non unit heralding efficiency of the PDC source. Although in this thesis, we have considered a
perfectly heralded PDC source. If the probability of emission of one photon pair in a spontaneous
parametric down conversion is p then probability of three photon pair emission is proportional to p>
and the probability of four pair emission is proportional to p*. Here one can note that the success
probability (p) and the probability of multiple emissions (p*) cannot be treated independently,

unlike the case in the scheme described in this thesis.
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B.3 Figures of merit

Assuming a perfectly heralded PDC source which can emit a pair of polarization entangled pair of
photons with a probability p, and photon number detectors with detector efficiency 1,;, memory
efficiency 1, and reflectivity of each of the beam splitters as sin@ we give the expressions for
probability of desired detection psp,conditional fidelity f;p, scheme efficiency E;p.

If we consider emission upto four pair of photons, the trace of the input state is given by

3 1 5
tr(Pinpup] = 1+ p+=p*+ =p* +—p* (B.1)

e L T
As the probability of emission of a pair from a PDC ~ 1072, we can approximate t7(Pinpurp) = 1.

With this approximation, the probability of desired detection pgp is given by
P3 4 . 8 2 0\2 13 - 2032
psp:ansm 0(1 —mnysin~0) (1—|—Zp(l—ndsm 0)°) (B.2)
Thus
Rsp = psp X Rrep (B.3)

where R/, is the repetition rate of the PDC which is taken to be ~ 100MHz The scheme efficiency

for the PDC scheme Ep

n2cos*®  (1+p¥nsin®0(n2cos* 6 +4n,,(1—ny)cos? sin® 6 +4(1 —ny)?sin* 0)

Esp = {B.4
P (1 —nysin®6)?2 1+ 8 p(1—ngysin? 6)2 B
The conditional fidelity fip is given by
1
fsp= (B.5)

1+ 13p(cos* 612 + (1 — ny) cos? O sin” O7,, + (1 — 1y)2sin* )

B.4 Additional - PDC

The wave function of a perfectly heralded parametric down conversion source emitting n pairs of

polarization entangled photons along modes a and b with orthogonal polarization directions x and
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y can be described as

W)=Y Aulvn) (B.6)
n=0
where
tanh” r
A=vn+1 - (B.7)
cosh” r

the probability amplitude of generating n photon pairs. Here r is a dimensionless parameter pro-
portional to the interaction time. And |y;,) is the normalised n pair component wave function given

by

(alb] —alb])"|0) (B.8)
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